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Abstract 
Buckling analysis of isotropic beam based on Euler-Bernoulli beam theory EBT resting on elastic 

foundation is investigated in this paper. The isotropic beam is exposed to an axial compressive force. 

Using potential energy principle the governing equations are obtained. The critical buckling load was 

evaluated using Navier’s method. Numerical analysis show effect both spring constant with 

longitudinal wave number on critical buckling loads. Validation of the numerical findings of this paper 

indicates that comparing the results obtainable in the previous study shows excellent agreement. The 

numerical results show that critical buckling load increasing with increases spring constant. 
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Introduction 
The isotropic beam is materials that have the same properties and the modulus of elasticity in 

all points or in all directions. Isotropic beams, a popular structural feature for the applications 

of aeronautics and astronautics. For many practical engineering applications, metals can be 

considered as globally isotropic materials. J.N. Reddy [1] investigated equations of motion by 

Hamilton principle and using different beam theories. Analytical solutions are used to 

determine each critical buckling load, natural frequency, and maximum deflection. Soltani 

and Mohammadi [2] derived the governing equations using Euler-Bernoulli beam theory. To 

evaluate the critical buckling, the Differential Quadrature Method (DQM) was used for 

simply supported. Karamanli [3] studied the governing equations for simply supported and 

cantilever beams with different boundary conditions by using Timoshenko, and Euler-

Bernoulli beam theories subjected to uniformly distributed load. The SSPH method is used 

to determine the maximum deflection by solving the governing equations. Zhu et al. [4] 

studied the buckling problem using Erin- gen’s two-phase nonlocal integral model. The 

findings of the numerical approach used are in good agreement with results literature 

available. Salehi and Ansari [5] examined the linear viscoelastic buckling based on 

Timoshenko beam and Euler-Bernoulli theories. The transvers deflection and critical 

buckling are determined by solving the governing equations for a beam subjected to axial 

and transverse loads for various boundary conditions. The numerical method used to solve 

the governing equations demonstrates that its results are in strong accordance with the 

literature's findings. Shimpi et al. [6] studied the governing equations based on Hamilton’s 

principle and using refined theory. The numerical analysis using to determine the maximum 

deflection and natural frequency. Elshafei [7] derived equations of motion by Hamilton's 

principle. For isotropic and orthotropic beams exposed to distributed transverse loads and 

using varying boundary conditions, the finite element approach is used to find both maximal 

deflection and natural frequency. Saba and Mangulkar [8] studied the governing equations 

using the total potential energy principle based on hyperbolic shear deformation theory for 

isotropic beam subjected to uniformly varying load with cantilever beam boundary 

conditions. Through numerical analysis, the governing equations are solved to obtain the 

maximum transverse deflection. Magnucki et al. [9] studied an isotropic beam subjected to 

three-point bending to find the governing equilibrium equations using the shear deformation 

theory under the total potential energy principle. The finite element method using for 

calculate maximal deflection, and we found it in good agreement when contrasting its 

observations with the results of numerical methods available in the literature. Sohani and 

Eipakchi [10] derived the governing equations using Timoshenko beam and Euler-Bernoulli 

theories. Numerical results, which contained the numerical results available in literature,  



International Journal of Structural Design and Engineering http://www.civilengineeringjournals.com/ijsde 

~ 2 ~ 

were in a good agreement with them. Onyia and Lato [11] 

investigated the governing equations by applying 

Timoshenko beam finite element for isotropic beam exposed 

to uniformly distributed load with a point load. By solving 

the governing equations, the maximum deflection can be 

obtained for different boundary conditions. The numerical 

findings are consistent with the numerical results available 

in the previous study. Armagan Karamanli [12] derived the 

governing equations by using EBT and Timoshenko beam 

theories and based on the total potential energy principle for 

isotropic beam exposed to a uniformly distributed load. The 

maximal transverse deflections and axial stresses for the 

various boundary conditions are calculated using SSPH 

method. OSADEBE et al. [13] investigated the governing 

equations by using Timoshenko beam theory for isotropic 

beam subjected to a point load. The maximum deflection 

and natural frequencies are determine by using finite 

element method. Wang et al. [14] studied the governing 

equations by Timoshenko beam for isotropic beam. Yesilce 

and Catal [15] examined governing equations of motion using 

Hamilton principle based on Timoshenko, Euler-Bernoulli, 

and Reddy-Bickford beams theories for isotropic beam 

subjected to axial compressive force resting on elastic 

foundation. The natural frequencies are found using the 

differential transform method under various boundary 

conditions. Wang et al. [16] presented vibration, buckling, 

and bending analysis of isotropic beam. For various 

boundary conditions, the finite element approach is adopted 

to find the transvers deflection, critical buckling, and natural 

frequencies. Soares et al. [17] derived the governing 

equations using isotropic Timoshenko beam theory resting 

on Pasternak foundation. The transvers deflection and the 

natural frequency of simply supported are calculated using 

the finite element method. They were found to be in 

outstanding agreement with the findings obtainable in the 

previous study when analyzing the numerical results. 

Mirzabeigy et al. [18] studied free vibration and buckling 

analysis for isotropic beam subjected to axial force. Under 

varying boundary conditions, the numerical results indicate 

both natural frequencies and critical buckling. FENG et al. 
[19] derived governing equations using Timoshenko beam 

theory. The finite element under varying boundary 

conditions using to calculate both maximal deflection and 

natural frequency. Carrer et al. [20] examined the static 

analysis of the isotropic beam exposed to a uniform 

distributed load. Finite element method using to determine 

the maximum deflection. 

 

Governing Equations and Formulation 

According to Fig. 1, consider a schematic view of the 

isotropic beam of thickness h , Length L, and width b. The 

beam is exposed to axial force xoN  resting on elastic 

foundation and spring constant wk . Young's modulus E  of 

the beam belongs to steel. 

 

 
 

Fig 1: Isotropic beam subjected to axial compression load resting on elastic foundation 
 

According to EBT the displacement field as:  

 

 
 

Assumed u, v, w is the displacement components of x, y, 

and z, respectively and 
0 0&wu  are the axial and 

transverse displacements in x-z directions and v  the 

displacement of the beam in the y-direction, and 0w ( )x  

transvers deflection.  

 

From Eq. (1) can find the normal strain following as: 

 
 

The strain energy (potential energy) it is possible to write 

the following: 
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Where: 

 

 
 

From Eq. (5c) and using Eqs. (6a) & (6b) can be written 

strain energy (potential energy) of the isotropic EBT as 

follows: 

 

 

Where ,xx xx   are axial stress, axial strain in ''x'' 

direction and   is the variational operator. 

 

Substituting Eq. (4) into Eq. (7) and using Eq. (9) can be 

written the final strain energy (potential energy) for 

isotropic EBT as follows: 

 

 
 

Where: 

 

 
 

,x xN M
 are axial force and bending moment 

respectively. 

External work for isotropic EBT is considered as follows: 

 

 
 

Substituting Eqs. (10c) & (10d) into Eq. (10b) can be 

written final external work for isotropic EBT as: 

 

 
 

The governing equations for the isotropic EBT can be 

derived applying the following using the entire potential 

energy principle: 

 

 
 

Substituting Eqs. (8) and (11) into Eq. (12c) and setting the 

coefficients of 0 0&u w 
 to zero the can determine the 

final equations of equilibrium of isotropic EBT as follows. 

 

 
 

By using Hooke’s law 

 

 
 

Substituting Equation (14) into equation (9). it is possible to 

write the axial normal force and bending moment for 

isotropic EBT as follows: 

 

 
 

Substituting Eq. (4) into Eqs. (15a) & (15b) we have: 

 

 
 

Substituting Eqs. (16a) & (16b) into Eqs. (13a) & (13b) can 

be determine the final governing equations of equilibrium 

for isotropic EBT as follows: 

 

 
 

Analytical Solution of Buckling for Isotropic Beam  
Based on the Euler-Bernoulli beam theorem, the governing 

equation of the isotropic beam subjected to axial 

compressive force resting on the Winkler elastic base can be 

solved. The Navier-type solution method is used to calculate 

the critical buckling load of the isotropic beam.  

 

 
 

According Navier-type solution method can determine the 

critical buckling load for isotropic beam and the variables 

( ) ( ),x xu w
 are described as below: 
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Where mU , mW  are the unknown Fourier coefficients.  

Substituting Eqs. (18a) & (18b) into Eqs. (17a) &(17b) the 

governing equations given by Eqs. (19a)&(19b) can get the 

following: 

 

 
 

Using Eqs. (19a) & (19b) the final matrix form of isotropic 

EBT can be written as follows: 

 

Numerical Results 

Through numerical results can the critical buckling load is 

calculated for isotropic beam simply supported boundary 

conditions centered on EBT and using Navier's-type 

solution method. The beam subjected to axial compressive 

force. Assuming that the Length of the isotropic beam is 

L=1m and thickness h=0.1m and width b=0.1m also, the 

longitudinal wavenumber m=1.  

Dimensionless critical buckling load is defined as: 

  

 
 

Table 1. shows the non-dimensionless critical buckling crP  

versus values slenderness ratio L/h using the potential 

energy principle and using Navier’s method. It shows that 

the data of the non-dimensionless critical buckling load are 

in an outstanding contract with the solution of Reddy [1]. 

Shown from this table that the values of the critical buckling 

crP  are constant with different three values of the 

slenderness ratio. 
 

Table 1: The non-dimensionless non-dimensional critical buckling 

load
2* / *crN N L E I  of isotropic EBT with values of the 

slenderness ratio L/h 
 

Slenderness 

ratio(L/h) 

non-dimensionless non-dimensional critical 

buckling load 

Work EBT Present Reddy [ 1 ] 

L/h=100 9.8696 9.8696 

L/h=20 9.8696 9.8696 

L/h=10 9.8696 9.8696 

 

Figures (2 & 3) show the variation of the critical buckling 

load crP of an isotropic beam simply supported boundary 

conditions with slenderness ratio for different values of the 

wk centered on EBT and adopting the total potential energy 

principle. Figures (2 & 3) show that the critical buckling 

increases as increasing in the spring constant because with 

the increase in the values of the spring constant the beam 

becomes more stiffer. It can also be shown from Figures (2 

& 3) that the critical buckling declines as the slenderness 

ratio values increase. 
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Fig 2: Spring constant with critical buckling for isotropic beam versus slenderness ratio 
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Fig 3: Spring constant with critical buckling for isotropic beam and slenderness ratio 

 

Figure 4 indicates the variance of the critical buckling of the 

isotropic beam that simply supports boundary conditions 

versus the slenderness ratio based on the EBT for five 

distinct longitudinal m wave number m values. It can be 

seen from this fig.4 that with an increase in the longitudinal 

wave number m, the critical buckling crP enhances. From 

this figure also, the critical buckling decreases with increase 

in the values of the slenderness ratio. 
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Fig 4: Effect for m on crP  of isotropic Euler-Bernoulli beam theory EBT with L/h 
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Conclusion 

Buckling analysis of isotropic beam based on Euler-

Bernoulli beam theory EBT resting on elastic foundation is 

investigated in this paper. The isotropic beam is exposed to 

an axial compressive force. Using potential energy principle 

the governing equations are obtained. The critical buckling 

load was evaluated using Navier’s method. Numerical 

analysis show effect both spring constant with longitudinal 

wave number on critical buckling loads. Validation of the 

numerical findings of this paper indicates that comparing 

the results obtainable in the previous study shows excellent 

agreement. 

1. Critical buckling load decreases as increasing in the 

values of the slenderness ratio. 

2. With increasing in the values of the spring constant the 

critical buckling increases because with increase in the 

values of the spring constant the beam becomes stiffer. 

3. Critical buckling load increases as increasing in the 

values of the longitudinal wave number of the simply 

supported isotropic Euler-Bernoulli beam. 
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